Abstract. We study the identities associated to the characteristic polynomial f (x) of certain recurrence relation. The existence of such identities is closely related to the fact that the Galois group of f (x) over Q is Z2.
Introduction
Let {u 0 , u 1 , u 2 , · · · } be a sequence defined by the following recurrence relation u 0 = 0, u 1 = 1, u r = pu r−1 − qu r−2 .
( 1.1) where p and q are rational numbers. The characteristic polynomial of {u n r } is defined to be (see for examples, [Br] , [CK] , [J] , [K] )
where (n|k) u is the generalised binomial coefficient (see Appendix A). Note that (n|0) u = 1 and (n|k) u = u n u n−1 · · · u n−k+1 /u k u k−1 · · · u 1 for 1 ≤ k ≤ n if u 1 u 2 · · · u k = 0. Let σ and τ be roots of x 2 − px + q = 0. It is well known that
In this article, we shall associated to the above factorisation some identities, which we propose to call it the Galois Identities of Φ n (p, q, x). These identities (see Proposition 3.4 and Corollary 3.6) must be well known among the experts. However, our interpretation of the existence of these identities maybe of some interest (see Discussion 3.7).
2. Fibonacci and Lucas numbers and L 2 n − 5F 2 n = 4(−1) n In (1.1), p = 1 and q = −1 give the Fibonacci numbers. Applying (1.3), it is clear that the Galois group of Φ n (1, −1, x) is Z 2 and the splitting field of Φ n (1, −1, x) is Q( √ 5). Recall another well known fact about the factorisation of Φ n (1, −1, x).
where L n is the n-th Lucas number. Since Φ n (1, −1, x) splits completely in Q(
for some A n ∈ N. This tells us that the difference between 4(−1) n and the square of the Lucas number L n must be five times a square A 2 n . As for why A n must be F n , the n-th Fibonacci number, we note that both F 2 n and L 2 n satisfy the following recurrence relation
and that L 2 n − 4(−1) n and F 2 n have the same initial values. Hence we have just recover the following well known identity by investigating the splitting field of Φ n (1, −1, x).
Discussion 2.1. The above investigation suggests that (2.4) is not just a numerical coincidence and can be viewed as the consequence of the fact that the Galois group of Φ n (1, −1, x) is Z 2 and that the splitting field of
It follows easily from (2.4) that the following identities hold, the first identity is proved by Freitag and the second by Zeitlin and Filipponi (independently). See [F] for more detail.
( 2.5) 3. The Galois Identities of w r = pw r−1 − qw r−2
In general, Φ n (p, q, x) can be factorised completely into the following (Lemma 3.3 of Cooper and Kennedy [CK] ).
where σ and τ are roots of x 2 −px+q = 0. Hence the splitting field of Φ n (p, q, x) is Q( p 2 − 4q) and the Galois group of Φ n (p, q, x) is Z 2 if and only if p 2 − 4q is not a perfect square in Q.
Definition 3.1. Let σ and τ be given as in (1.3). Define {w n } to be the sequence w n = σ n +τ n .
Lemma 3.2. w 0 = 2, w 1 = p, w r = u r+1 − qu r−1 and w r = pw r−1 − qw r−2 . Suppose that p 2 − 4q = 0. Then u r = (w r+1 − qw r−1 )/(p 2 − 4q).
Proof. It is clear that w 0 = 2 and that w 1 = p. Applying Binet's formula, one has w r = u r+1 − qu r−1 and that w r satisfies the recurrence w r = pw r−1 − qw r−2 . Since w r = u r+1 − qu r−1 = pu r − 2qu r−1 , w r−1 = u r − qu r−2 = 2u r − pu r−1 ,
we conclude that u r = (w r+1 − qw r−1 )/(p 2 − 4q). This completes the proof of the lemma.
Lemma 3.3. q n , w 2 n and u 2 n satisfy the following recurrence
Proof. Applying (1.1), one can show easily that u 2 n satisfies the recurrence (3.3). The rest can be verified similarly.
Suppose that p 2 − 4q is not a square in Q. Applying Galois Theory, the set of conjugates of σ n over Q is {σ n , τ n }. Hence the following holds for every n ∈ N.
for some z ∈ Q. The following proposition shows that the solution of (3.5) is z = u n , the recurrence we defined in (1.1).
Proposition 3.4. Let w n be given as in Lemma 3.1. Then w 2 n − 4q n = u 2 n (p 2 − 4q). Proof. Since both w 2 n − 4q n and u 2 n (p 2 − 4q) satisfy the recurrence (3.3) and admit the same initial values, we have w 2 n − 4q n = u 2 n (p 2 − 4q). Corollary 3.5. The equation x 2 + y 2 − z 2 = 4 is solvable in Z. Further, one may choose y and z in such a way that py = 2z for any p ∈ Z.
Proof. Let q = 1 and let p be any integer. Applying Proposition 3.4, one has w 2 n + (2u n ) 2 − (pu n ) 2 = 4 for all n ≥ 1.
Corollary 3.6. w 2n − 2q n = u 2 n (p 2 − 4q). In particular, L 2n − 2(−1) n = 5F 2 n . Proof. Applying Definition 3.1, one has w 2 n = w 2n + 2q n . Discussion 3.7. The identities in Proposition 3.4 and Corollary 3.6 must be well known and we propose to call it the Galois identities associated to Φ n (p, q, x). We would like to emphasise that Proposition 3.4 is not just a numerical coincidence but can be treated as the consequence of the fact that the splitting field of Φ n (p, q, x) is Q( p 2 − 4q) = Q( w 2 n − 4q n ). The most famous identity among all, of course, is (2.4).
Appendix A
Let σ and τ be roots of x 2 − px + q = 0 (known as the characteristic polynomial of (1.1)). It is well known that
where f r (x, y) is the polynomial x r−1−i y i = (x r − y r )/(x − y). Let G(z) be the following function.
G(z) is known as the Gaussian binomial coefficient and is a polynomial in z (a more powerful result actually implies that (A2) can be written as product of cyclotomic polynomials). One may apply this fact to show that that (f r f r−1 · · · f r−k+1 )/(f k f k−1 · · · f 1 ) ∈ Z[x, y] is a polynomial in x and y. Denoted by F (r, k, x, y) this polynomial. Define (r|k) u = F (r, k, σ, τ ).
We call (A3) the generalised binomial coefficient. It is clear that if u 1 u 2 · · · u k = 0. Then (n|k) u takes a better looking form.
(n|k) u = u n u n−1 · · · u n−k+1 /u k u k−1 · · · u 1 .
